











































































































Riemann Curvature Tensor

Motivation S2E 1133 news Gausscurvature Mean curvature
K H

intrinsic extrinsic

Q what is the appropriate nation of curvature for LM g

Note higher dim intrinsic

AI Riem curvature tensor Riem R

Def The Riemann curvature of CM g is an association

to each X Y CTCTM a map

RIX Y TCTM TCTM

defined by
R x Y Z Ty 0 2 7 0 7 Toxic 2

q
Levi Civita
connection

Remarks R X Y 2 are linear in X Y and Z

Prop R X Y 2 are tensorial in X Y and Z

i e R f X Y 2 R X 54 2 R X Y f 2 f RHic 2
V f e c CM

Proof Note R X T R Y X since C X CXYT

So it suffice to show R fX Y 2 f X C Z

and R X Y FZ f Rex Z














































































































REX Y 2 f RCX.DZ

RCfXcY Z Ty P 2 Tf Ty E t T y Z

Ty f 0 7 f 0 067 Tgc y Y XZ

f 0 0 7 t Ycf 0 7 f 0xTyZ

f TexyyZ Tcf 7 7

f Rex 4 Z

R X Y ft f REX D2

REX ft Ty Tx ft 0 0 ft t Tc gg 2

FyTxCf2 Dy f 0 2 t XH 2 CYXI tf 2
it

so Ty x ff f 7 0 2 12 X f TyZ t TXCf Z
1

0 9 ff f 7 0 2 X f 7,7 YCfl 7 2 t XYCf Z

Tayy ft XM f Z tf TexyyZ

RHS f RIX D Z
b

lo 4 tensor
Def'd RfX Y Z W L RCH't 2 W Riemcurvature

tensor














































































































Prop symmetries of Riem curvature tensor

a Bianchi identity
R X Y Z w t RCT Z X w t R Z X Y W 0

I
cylic permutation

b R X Y Z w RCT X Z w

c R X Y Z w R X Y W Z

d R X Y Z W RC 2 i w X Y

Proof Cail RCX.ec Z 0 7 2 7 0 7 Toxic

RITZ X TzTyX TyTzX Tac X

RIZ X Y TxTzY TzT Y t Tat Y

RHS Ty x 2 I TzCY X Tx CE t
TCx23Y Tac 2 Jez d X

CY IX 2 I t 7,14 7 t X in o
is

Jacobi identity
CBI RCX Y 2 RH X Z done

It suffices to show REX Y T T o C i set T W 12

RCX.Y.TT RHIC 1 T 7

C 0 0 1 0 0 1 1 ToxicT T 7

Oy 4T T CT TyT T t CTcx.yyT.TT














































































































Note LTyJ T 17 YC 0 1 17 CAT Ty 17

50 0 1 T XCOYT 17 Ty 1,7 1 7

f Texas Tat Cxic CT 17

R H S Y X CT 17 X Y CT 17 t Cx d IT

0

Cold Bianchi

RIX Y Z w t R Y Z X w t R Z X Y W 70

t R Y Z W X 1 RIZ Wit X 1 RCW Y Z X o

R Z W X Y R W X Z Y RIX few Y o

1 RCW X Y 2 t R x C W 7 t REY w X 21 0

2 RCZ.xic.wsRCW.ie2 x O
cancels

R 2 ix 4 w RCTW 2 x
D

In local word of M say CX X let 2 Fyi

Gig Fyi Fx C2i 2j

Tijk f 9kt 2igej t 2JSie 2e9ij



Compute Rbi 2j idk 2e Rijne

Tg722K Fg Tine2e Tins 2s 1 Tine je Js

i.e TgTai2k 2jTih TinTj Is

similarly TaiTg2k 2iTjht TjTie Is

and FC2iq 2K O

Rodi25.2k 2e Gse 3Tin ZiInstTinTjestTjhTies

ie Rijne Gse 2T Tox T F g 2g 5g

Symmetries f Rijn
e t Rjkie t Raise 0 Bianchi

Rijke Rj he Rijek Rheij

Q How is the Riemann curvature tensor R related to

the nation of Gauss curvature for surfaces in CR

A sectional curvature

Fix p e M and a 2 dim't subspace T E Tpm

Def'd Sectional curvature of T at p E M is defined as

Kpk R les ez er ez

where f e ez o N B for T



FACT K T is welldefined ie indepof the choice of ONB fe ee

Geometric Meaning Kp T e B measures the Gauss armature at p

of a sub surface generatedby 5 in M

geodesicnormal word

7pm M g
yen expp expp T

i r
t

Z din'tChwedsurface

Gausscurvatureof this subsurfaceProofExercise
at p K CAP

We have the following algebraic fact

PNP knowing all the sectional curvatures Kp T for all 5 CTpm
determines completely the Riem curvature tensor R at p

Proof Idea Rijij Rijhe using symmetries of R

et f e en be an ON B forTpm

Jij span fei ej ETpm it j

K Oig RCei ej.ei.gr



Using multi linearity only need to know RCei.ej.ee
ee d

k te

Nee R eitek.ej.ci k.ei K spanfeitI ej3

BUT
RCeitek.ej.eitek.ej7_k0ij_KTkJr
Rfei.ej.ei.ej1tR k.ej Ek Ej

RCei ej.eu Ej t R Ek Ej Ei Ej
1

same

R ei.ej.eu e known

Note R ei er e known

BUT Rei ej ee.eu g tee

PsCei ej.ee Ej 1 R eicee.ek.ee Rcej en ei.ee
RCei.ej.eu ee t R Ei ee Ek G

ie R iiej.ek.ee R ej.ek.ei.ee known

R kiei.ej.ee R ei.ej.en.ee known

2 R i ej.ek.ee t R ei.ej.ee ee known

D

Cora Let C C R be a constant

K o C y Rex c 2 w C ix Z Yw

H T E Tpm LY 27LX.ws



Ricci and scalar curvature

Let er em be an d N B for TpM
n

DEI Ricci curvature Ric X Y _E R X Ei Y ei
5 1

n

Scalar curvature S 2 RicCei ei5 1

FAIT well defined inelep of choice of O N B fei En

In local word

Rijn
trace

Rin gieRijne
trace

R gikrin
Riem Ricci scalar

0,4 tensor 012 tensor function
symmetric

Geometricmeaning Ric S are averaged sectional curvatures

O N B f X Ei Ez En

ez Ric IX X Ric Ce ec Ee RCe ei e ei
513 K Tirs

ez Q2 E RCe ei e Ei
X Ei 5 2

sum of seat Cun
of planesthrough e X

Similarly S II RicCei ei II BCei.ej.ei.gr

if BCei.ej.ei.es
sum of allsectional urn



A central Question in Riemannian Geometry

How does the Riem Ric Scalar armatures affect the

local global geometry of CM g

E g Gauss Bonnet Thm K da 21TX S

Now we digress a bit to talk about covariant derivatives

of general tensors

Recall A connection T induces a covariant derivative

for vector fields ie 1 o tensor

Fix X E TCTM

Tx TCTM TCTM
u

8 4

Q How to covariant differentiate other tensors
A Liebniz rule

i.e Co 11 tensors

1 forms WWE R M TCT M mns Txw E R'Cm defined as

Gw LY X was w 0 4
p r e g

v f function v fv f I form v f I form

1 I tensors d E T TIM in 7 2 E TCT M defined as

8 2 LY w X x Y w 210 4 w NY Ff



Example 1 M g g i lo 2 tensor 7 connection T

metric compatibity 2 7 Tg o ie 7 8 0 TX

why Txg CY 2 X GH Z 917 4.2 G Y 7 2

111 111 metriccompatibilityTg o o

Example 2 Riem curvature acting on 1 form

et w E R M Define

R X Y w Ty Tx w Tx Ty W Tex y W

FACT Rai w Z w Rex c Z

Pf RH c w Z

Fy Tx w Tx Ty W Tex y w Z

Y 0 wXZ T w7 0,2 7

X CQwXZ Oyu 0 27

Exit wth W Tay Z

Y X wit w 7 21 X W 0 21 t w 8 0 7

X Y wot w Tf Y W 0 21 w 8 0 7

Exit was W Tay Z

w Ruin 2
b



1stBianchi identity R X Y 2 w t RCY.az X w t RCE X C w 1 0

2ndBianchiidentity 7 12 Y Z W T 1 QR I X Wit

PI Exercise t TER XM W T o


